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Abstract
Piezoelectric discs excited by lateral ﬁelds (LFE; both electrodes are placed on one side of the disc) show unique
diﬀerences compared to common thickness ﬁeld excited (TFE) resonators, in particular when they are used for liquid
sensing. In this contribution the LFE–sensor setup is modeled as a layered structure in the spectral (wavenumbers)
domain utilizing a semi–numerical approach. In particular the interaction of the piezo–disc and the sample liquid,
which is too complex for analytical methods and too comprehensive for FEM, is eﬃciently modeled by the method.
The calculation of frequency responses as well as electrical and mechanical ﬁelds are illustrated for a simulated setup.
The simulation results are compared to results obtained from the Christoﬀel–Bechmann formalism, and sensitivities
to ﬂuid parameters like viscosity and conductivity are shown.
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1. Introduction
The utilization of quartz crystal sensors in thickness–shear mode (using TFE) for the measurement of the liquid
properties density, shear–viscosity, and visco–elasticity is a well understood and established technique [1]. On the
contrary, the principle of lateral ﬁeld excitation (LFE) is relatively new to the ﬁeld of ﬂuid sensing [2]. It has been
claimed, e.g., by [3, 4] that sensitivity to physical and electrical properties of the sample ﬂuid is signiﬁcantly increased
compared to quartz discs utilizing TFE. Unfortunately, due to the various modes of oscillation excited by LFE, the
impedance spectrum cannot be properly calculated by one–dimensional analysis which is often suﬃcient for TFE. The
Christoﬀel–Bechmann formalism [5] represents a common method to characterize an isolated LFE–sensor, yielding
eigenstiﬀnesses and coupling factors for diﬀerent excitation modes at a speciﬁc crystal cut axis and for a certain
orientation of the electrodes. A crude approximation of the interaction between piezo–disc and sample liquid can be
obtained using adapted equivalent circuit diagrams, which are basically derived for TFE–sensors. In our contribution,
a new and advantageous full–wave calculation using a semi–numerical method in the spectral domain is proposed.
2. Modeling of the structure
A sketch of a typical piezo–disc sensor with a simple LFE–electrode arrangement is shown in Fig. 1 a. Figure 1 b
provides a 2D model of this sensor containing geometrical properties of the crystal and the electrodes. Furthermore
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the three physical domains air, piezoelectric disc (piezo for short), and liquid, can bee seen. The surrounding media
(liquid and air) are extended to inﬁnity in the normal direction z. In the following the modeling of the three physical
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Figure 1: An LFE sensor with two semicircular electrodes (a) and a 2D model indicating geometrical parameters as well as the domains piezo, air,
and liquid (b). The laterally periodized version of the structure for calculation is shown in c).
domains is shown. The piezo–disc is modeled by the piezoelectric constitutive equations [6], the equations of motion
and Maxwell Equations for electrostatics using the quasistatic approximation1 and assuming vanishing external charge
distribution (i.e. ∇ · D = 0), within the piezo for the dielectric displacement D. The resulting set of partial diﬀerential
equations (PDEs) describing the piezo are written in common Voigt notation [6] in Eq. 1
∇ · cE : ∇su − %u¨ = ∇ · e∇ϕ
∇ · e : ∇su = ∇ · ÿS · ∇ϕ (1)
with u and ϕ denoting the displacement vector and the electrostatic potential and cE , e, ÿS denoting tensors describing
elastic stiﬀness at constant electric ﬁeld, piezoelectric stress, and permittivity at constant strain (see also [8]). In Eq. 1,
∇S denotes the symmetric gradient operator (see [6]). Both, air and sample liquid are modeled by linearized Navier–
Stokes equations, with application of pressure density coupling utilizing the compressibility coeﬃcient ζ (see [9]).
The resulting form is shown in Eq. 2, where the terms ρ, μ and λ denote ﬂuid density, shear–viscosity, and volume–
viscosity, respectively. The model of the electric part is given in Eq. 3 with the ﬂuid speciﬁc parameters permittivity
ÿ and conductivity σ.
ρu¨ =
1
ζ
∇(∇ · u) + μ∇u˙ + (λ + μ)∇(∇ · u˙) (2)
∇ ·
(
σ
ÿ
D +
∂D
∂t
)
= 0 (3)
Typical aspect ratios of thickness and lateral dimensions of piezo–discs allow to treat such sensors as layered struc-
tures2, which is required to convert the above PDEs to ordinary diﬀerential equations (ODEs) by employing a spatial–
temporal Fourier Transform in the lateral directions (x and y in our case). By doing so, the mathematical complexity
of the equations is reduced. For time harmonic excitation the transform can be employed by the transform rules given
in Eq. 4 with ω, kx and ky denoting the angular frequency and the wave numbers in x and y, respectively.
∂
∂t
◦−• ·iω, ∂
∂x
◦−• ·(−ikx), ∂
∂y
◦−• ·(−iky) (4)
Applying Eq. 4 to Eq. 1 and Eq. 2, ordinary diﬀerential equations (ODEs) of second order in z describing u and ϕ are
obtained. The second order derivatives can be replaced by the stresses T˜xz, T˜yz, T˜zz and by the dielectric displacement
component3 D˜z. Therefore the three domains air (a), piezo (p) and liquid (l) are represented by systems of ODEs of
ﬁrst order and of the dimension eight (each domain is indicated by its respective index) given by
∂
∂z
ψ˜a,p,l(kx, ky, z, ω) = A˜a,p,l · ψ˜a,p,l(kx, ky, z, ω) with ψ˜a,p,l =
[
u˜x, u˜y, u˜z, ϕ˜, T˜xz, T˜yz, T˜zz, D˜z
]T
a,p,l
. (5)
1No coupling between electric and magnetic ﬁeld is considered, therefore, the electrical ﬁeld can be expressed as E = −∇ϕ. This assumption
was veriﬁed to be valid for frequencies up to 10 GHz [7].
2All involved layers are assumed to be inﬁnitely extended in the lateral directions with constant material parameters.
3Quantities associated with the spectral domain are marked with a tilde.
T. Voglhuber–Brunnmaier, B. Jakoby / Procedia Engineering 5 (2010) 82–86 83
T. Voglhuber–Brunnmaier, B. Jakoby / Procedia Engineering 00 (2010) 1–5 3
This method has been successfully applied for TFE sensors by [10] and a similar modeling approach is also known in
the analysis of SAW Filters [11]. The general solution of the systems denoted in Eq. 5 are given by
ψ˜a,p,l(kx, ky, z, ω) =
⎧⎪⎪⎨⎪⎪⎩ 8∑
i=1
ci(kx, ky, ω)vi(kx, ky, ω) exp (λiz)
⎫⎪⎪⎬⎪⎪⎭
a,p,l
, (6)
with vi;a,p,l and λi;a,p,l denoting the ith eigenvector and eigenvalue of the matrices A˜a,A˜p, and A˜l, respectively and
ci;a,p,l representing thus far unknown expansion coeﬃcients. Liquid and air are considered to be semi–inﬁnitely
extended in +z (air) and −z (liquid) which implies a physically motivated boundary condition like Sommerfeld’s
radiation condition, which basically states that radiation of energy is solely directed outwards from the source [12].
These boundary conditions can simply be implemented by considering only those four eigenvalues of each A˜a and
A˜l which yield non–increasing ﬁelds (ψ˜a,s, ψ˜l,s) in the direction of radiation. For an exact representation of the ﬁelds
in the spectral domain, inﬁnitely many wavenumbers would be required. To avoid this, we approximate our original
problem by considering a periodic solution in the lateral dimensions (see Fig. 1 c).4
2.1. Modeling of the electrodes
From an electrical point of view, the sensor structure represents a linear two terminal network which is character-
ized by its admittance (or impedance) spectrum reproducing the properties of the sample liquid. In this contribution,
the admittance spectrum of the liquid under test is calculated by determining the (unique) charge distribution which is
necessary to produce the electric potential prescribed on the electrode area. Therefore the electrodes are modeled by
boundary conditions in the spatial domain. The eﬀect of the mass loading or the elastic properties of the electrodes
are not considered.5 The electric potential of the whole piezo–air interface can be represented by the convolution of
the charge distribution % on the plated conductive surfaces Ω with a suitable Green’s Function G:
ϕ(x, y, d/2, ω) =
∫
Ω(x′,y′)
G(x − x′, y − y′, ω)%(x′, y′, d/2, ω)dx′dy′ . (7)
The Green’s function G(x − x′, y − y′), which is yet unknown, represents the response of the electric potential at (x, y)
in the piezo–air interface to a unit charge at the an arbitrary point (x′, y′) at the interface, deﬁned within the spatial
domain. For a surface charge distribution Gauss’s Law ∇ · D = % can be reduced to % = [Dz] with [Dz] denoting
the jump discontinuity of the dielectric displacement component Dz (see [15]). In the spectral domain formulation,
the unit point charge corresponds to a constant charge density for all wavenumbers kx and ky. The coupling of the
domains is achieved by interface conditions for both, the piezo–air and the piezo–liquid interface. At the piezo–liquid
interface, the ﬁelds are continuous while at piezo–air interface the ﬁelds are continuous except for D˜z which jumps by
one to account for the point charge in the spatial domain:
ψ˜l,s(kx, ky,−d/2, ω) = ψ˜p(kx, ky,−d/2, ω) (8)
ψ˜a,s(kx, ky, d/2, ω) = ψ˜p(kx, ky, d/2, ω) + [0, · · · , 0, 1]T . (9)
The expansion coeﬃcients ci;a,p,l in Eq. 6 are calculated from the interface conditions in Eqs. 8 and 9 and Green’s
function (in the spectral domain) is obtained from Eq. 6 by re–substitution of ci at z = d/2 and singling out ϕ˜. By
means of an inverse Fourier Transform, the Green’s Function can be obtained in the spatial domain. An example of
Green’s Function for the 2D simulation (wave numbers ky = 0 m-1) is shown in Fig. 2 (left). The charge distribution
on the electrodes is obtained by deconvolution of Eq. 7 utilizing a method of moments approach (see [9] and [15])
which can be very eﬃciently implemented using the spectra, domain expressions. In Fig. 2 (right), the potential
and associated charge distribution are given. The admittance spectrum is obtained by integration over one electrode
area and multiplication with iω which corresponds to a time derivative in the spatial domain. All ﬁelds can now be
calculated in the spectral domain by multiplication of Eq. 6 with the transformed charge distribution %˜(kx, ky, ω).6
4Therefore the quality of the approximation depends on the size and the discretization intervals of the unit cell.
5The eﬀect of mass loading due to all–over plating of TFE sensors is negligible if the ratio of the density–thickness products of plating and
piezo is small [13, 14]. In the described simulation, an AT–cut quartz with a resonance frequency of 5 MHz and a hypothetic 100 nm gold plating
was assumed. The resulting ratio of 2.2e − 3 clearly avoids signiﬁcant perturbation.
6The ﬁelds in the spatial domain are obtained by inverse Fourier Transform.
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Figure 2: Example of Green’s Function of the sensor structure (5 MHz AT–cut quartz, simulated at 1 MHz) in the spatial domain (left); Potential
and charge distribution on the piezo–air interface (right). The dashed sections indicate areas of known boundary conditions, which are the electrode
potential and the zero charge spaces between the electrodes. The remaining sections are calculated by deconvolution.
3. Results
The proposed method is applied for a AT–cut quartz with a thickness of 330 μm ( fres = 5 MHz for the thickness–
shear–mode) with normal direction in z and thickness–shear polarization in x (ZXwlt 0/54.75/0 in standard nota-
tion [14]). The piezoelectric coupling factors for TFE– and LFE–modes can be calculated employing the Christoﬀel–
Bechmann formalism (see e.g. [5]), yielding kc = 8.74% for TFE and ka = 3.86% and kb = 9.16% for the
LFE–modes7. The resonance frequencies, calculated from eigenstiﬀnesses and density of the piezo, are given by
fc = 5.034 MHz, fa = 10.619 MHz, fb = 5.759 MHz.
The simulated (2D) frequency responses in Fig. 3 show a distinct resonance near the calculated TFE–mode at
5.034 MHz but only weak resonance of the LFE–shear–mode at 5.76 MHz, even though the coupling factor for this
mode is slightly higher than for the TFE–mode. The extensional mode at fa = 10.619 MHz is hardly observable in
the simulation, and may be fully masked by noise in real measurements. It is concluded that this is a result of the
much larger area in which the transverse (z) electric ﬁeld, compared to the lateral ﬁeld (x), is dominant. The spurious
oscillations in the spectra following the main resonance can be assigned to spurious standing surface waves between
adjacent unit cells. These oscillations can be repressed by increasing the unit cell size, such that waves from adjacent
cells are suﬃciently attenuated. In the contributions of [4] and [16] similar spurious oscillations can be observed.
We believe that they are related to reﬂections at the lateral piezo boundaries which may be represented by mirror
sources which are inherently modeled in our approach. Also a signiﬁcant impact on the resonance behavior by liquid
conductivity can be observed in Fig. 3 providing an application for impedance spectroscopy.
4. Conclusion
We have presented a method to model the complete sensor structure in the spectral domain. The simulated reso-
nance frequencies are in close accordance to the Christoﬀel–Bechmann formalism but allows certain physical param-
eters of the surrounding media, like viscosity, density, permittivity and conductivity to be investigated. The simulation
for AT–cut quartz yields that the TFE–mode (the electric ﬁeld basically in normal direction z) is dominant and only one
LFE–mode (at 5.759 MHz) may be of practical use. Due to these shortcomings, materials exhibiting higher coupling
factors (like LiNbO3 [17] or LiTaO3 [18] can be used. Basically the simulation method can by adopted for arbitrary
piezo–materials and electrode conﬁgurations, e.g., the one given in [3].
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Figure 3: Simulated Bode plots of the admittances Y in the vicinity of the calculated resonance frequencies for a 5 MHz AT-cut quartz (thickness
d = 330 μm, electrode width w = 3.5 mm, gap width g = 1 mm and extension in y is set to 6 mm) in sample liquid pure (σ = 5 μS) and tap
(σ = 50 mS/m) water with viscosity μ = 1 mPa s. The viscosities were varied to μ = 0.5 mPa s and μ = 5 mPa s to show the dependence.
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